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The higher-derivative field theory models have acquired great scientific attention. The
initial motivation for their study was, certainly, the fact that for these theories the ultravio-
let behaviour is essentially improved, which allows to treat introduction of higher derivatives
as a possible solution for the problem of renormalizability of gravity [1]. Another impor-
tant example of the higher-derivative theory is the Lee-Wick theory [2] representing itself
as a higher-derivative extension of QED. Within the supersymmetry context, the higher-
derivative terms arose first in the context of supergravity, as a consequence of supercon-
formal anomalies [3], and quantum properties of the resulting theory (which describes the
higher-derivative dynamics of the chiral superfield playing the role of one of supergravity pre-
potentials) were considered in [4]. Further, the more generic examples of higher-derivative
superfield four-dimensional theories were discussed in [5, 6], where the one-loop effective
potential for these theories has been explicitly calculated.
At the same time, the three-dimensional superspace is known as a very convenient lab-
oratory for study of different properties of field theory models. Therefore studies of the
three-dimensional higher-derivative superfield theories seem to be very interesting. In our
recent paper [7], the higher derivatives were introduced in the superfield gauge theories,
while the matter sector was maintained to be the same. In this paper, we continue that
study by introducing of higher derivatives into the matter sector. We study the one-loop
effective action for a purely scalar higher-derivative theory. The results which we obtain are
rather generic. Generic results are important due to the fact that they gather in a single
equation information on a wide range of models, thus allowing that one can determine more
clearly the influence that a set of models may have on a given physical quantity. Within this
work, in particular, we determine what is the influence of the addition of higher-derivative
terms in the three-dimensional scalar superfield theory have on the form of the one-loop ef-
fective potential. Within this paper we use the method based on summation over Feynman
supergraphs, while, in the scalar superfield theory without higher derivatives, the functional
approach based on the proper-time method was used [8].
To start our study, let us recall the action of a general scalar superfield action without
higher derivatives [9]:
SR =
1
2
∫
d5zΦD2Φ +
∫
d5zV (Φ) , (1)
where Φ is a real scalar superfield and V (Φ) is the superpotential. In the usual case, without
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higher derivatives, the superpotential must be a polynomial of fourth or less order for the
renormalizability. However, in the higher-derivative case such a restriction is not necessary.
Now, let us try to generalize this theory introducing higher derivatives in the action (1).
Since there is an infinity of ways to accomplish this, we will demand, for simplicity, that
the new action does not contain interaction terms with higher derivatives. The reason for
this choice is that interaction terms with higher derivatives tend to have worse ultraviolet
behaviour than those without ones. Consequently, we will consider in this work the higher
derivative theory described by the action:
SHR =
1
2
∫
d5zΦRˆΦ +
∫
d5zV (Φ) , (2)
where Rˆ is a some scalar operator which is a function of covariant derivatives and some
constants. Due to the identity (D2)2 = , we can infer that Rˆ = g()+f()D2 is the most
general choice for the scalar operator. Of course, when we take g() = 0 and f() = 1, we
recover the model (1).
Let us briefly discuss the renormalizability of this theory. First, since Rˆ = f()D2+g(),
let us, for the sake of the concreteness suppose that the number of derivatives contributing
to the superficial degree of divergence, in the term f()D2 is no less that in the term g()
as it occurs in many cases (in the opposite case the situation does not differ essentially). Let
us also suggest that the function f() has the (higher) order a in the space-time derivatives
(the usual case is, of course, a = 0). In this case, the superficial degree of divergence for
this theory can be shown to be equal to ω = 2 + (1− a)P − 2V . Since we suggest that the
function f depends only on the d’Alembertian operator  by the symmetry reasons, one
must have a ≥ 2, which implies the all-loop finiteness of the theory.
For a quantum system with a superfield φ interacting with a background superfield Φ, we
represent the effective action Γ[Φ] as a generating functional of the one-particle-irreducible
vertex Green functions [10]:
exp (
1
~
Γ[Φ]) =
∫
Dφ exp (1
~
S[Φ +
√
~φ])|1PI . (3)
The effective action encodes the full quantum dynamics of the theory. The usual methods of
calculation of Γ[Φ] are peformed by means of perturbative series in powers of ~, the so-called
loop expansion. Let us consider the application of relation
Γ[Φ] = S[Φ] + ~Γ(1)[Φ] + ~2Γ(2)[Φ] + . . . , (4)
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for (3). In particular, the one-loop correction has the form
exp Γ(1)[Φ] =
∫
Dφ exp (S2[Φ;φ]) , (5)
where S2[Φ;φ] is the second-order part of the classical action functional 1~S[Φ +
√
~φ] in
quantum superfields.
The general structure of the effective action can be cast in a form [8, 11]
Γ[Φ] =
∫
d5zK(Φ) +
∫
d5zF (DAΦ, DADBΦ, DADBDCΦ, . . . ; Φ) , (6)
where DA = (Dα, ∂αβ). The function F (DAΦ, . . . ; Φ) has the property that when all deriva-
tives of the superfields are equal to zero, it vanishes identically. From (6), we can define the
Kähler effective potential (KEP) K(Φ) as the zero-order term in the covariant derivative
expansion of the effective action of a background scalar superfield. The KEP carries all
the quantum information about the slowly varying background superfields in superspace.
Similarly to the effective action, KEP is also calculated by means of the loop expansion
K(Φ) = V (Φ) + ~K(1)(Φ) + ~2K(2)(Φ) + . . . . (7)
In this work, we are only interested in the calculation of the correction K(1)(Φ). The
technique that we will use in order to calculate such object will be the Feynman supergraph
technique which was examined in [12]. From (5), it is convenient to derive the propagators
and vertices from the functional S2[Φ;φ]. Therefore, expanding (2) around a background
superfield Φ +
√
~φ and keeping only the quadratic term in quantum fluctuation φ, we get
S2[Φ;φ] =
1
2
∫
d5zφ(g() + f()D2)φ+ 1
2
∫
d5zV ′′(Φ)φ2 , (8)
where we use a shorthand notation V ′′(Φ) = ∂
2V (Φ)
∂Φ2
. By convenience, propagators can be
defined from the terms that are independent of Φ, and vertices can be defined from the ones
in which the φ interacts with Φ. Hence, from (8), it follows that the propagator is given by
〈φ(1)φ(2)〉 = − 1
g(k2) + f(k2)D21
δ12 , (9)
where δ12 = δ2(θ1 − θ2) is an usual Grassmannian delta function.
In order to calculate the one-loop correction to the KEP, we will proceed in three steps.
First, we draw all one-loop supergraphs allowed by (8). Second, we discard supergraphs
involving covariant derivatives of Φ and calculate the contributions of each supergraph, with
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the external momenta equal zero, to the effective action. Last, we sum all contributions and
calculate the integral over the momenta. The result will be just the KEP.
Let us start the calculations of the one-loop supergraphs, that is, those ones involving the
scalar superfield propagators (9) connecting the vertices V ′′(Φ)φ2. Such supergraphs exhibit
structures given at Fig. 1.
FIG. 1: One-loop supergraphs.
We can compute all the contributions by noting that each supergraph above is formed
by n "subgraphs" like these ones given by Fig. 2.
〈φ(1)φ(2)〉
V ′′(Φ)
FIG. 2: A typical vertex in one-loop supergraphs.
Hence, the contribution of this subgraph is given by
Q12 = − V
′′
1
g(k2) + f(k2)D21
δ12 , (10)
where V ′′1 ≡ V ′′(Φ(p1 = 0, θ1)). It follows from the result above that the contribution of a
supergraph formed by n subgraphs is given by
In =
∫
d3x
1
2n
∫
d2θ1d
2θ2 . . . d
2θn
∫
d3k
(2pi)3
Q12Q23 . . . Qn−1,nQn,1
=
∫
d3x
1
2n
∫
d2θ1d
2θ2 . . . d
2θn
∫
d3k
(2pi)3
[
− V
′′
1
g(k2) + f(k2)D21
δ12
]
×
[
− V
′′
2
g(k2) + f(k2)D22
δ23
]
. . .
[
− V
′′
n
g(k2) + f(k2)D2n
δn,1
]
, (11)
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where 2n is a symmetry factor. Such a factor takes into account the Taylor series expansion
coefficients of the effective action, the usual symmetry factor of each supergraph, and the
number of topologically distinct supergraphs [13].
We can integrate by parts the expression In and discard terms involving covariant deriva-
tives of Φ to get
In =
∫
d5z
∫
d3k
(2pi)3
1
2n
(−V ′′)n
[
1
g(k2) + f(k2)D2
]n
δθθ′ |θ=θ′ . (12)
The one-loop correction to the effective action is given by the sum of all supergraphs In,
Γ(1)[Φ] =
∞∑
n=1
In =
∫
d5z
∫
d3k
(2pi)3
∞∑
n=1
1
2n
(−V ′′)n
[
1
g(k2) + f(k2)D2
]n
δθθ′ |θ=θ′ . (13)
This expression is rather generic. At this stage of the calculation, we have to specify the
operator Rˆ in order to proceed with the calculation of Γ(1). The result of the complete
evaluation of the D-algebra essentially depends on the explicit form of the operator Rˆ. So,
let us consider three characteristic examples where the final result is expressed in closed
form and in terms of elementary functions.
As our first example, let us take f = 0 and g 6= 0. It follows from (13)
Γ(1)[Φ] =
∫
d5z
∫
d3k
(2pi)3
∞∑
n=1
1
2n
[
− V
′′
g(k2)
]n
δθθ′|θ=θ′ . (14)
Therefore, due to the property of the Grassmann delta function δθθ′|θ=θ′ = 0, the KEP is
given by
K(1)(Φ) = 0 , (15)
for Rˆ = g(). In fact, we can make a stronger statement. From (2), the model under
consideration is given by
SHR =
1
2
∫
d5zΦg()Φ +
∫
d5zV (Φ) . (16)
Notice that there is no spinor derivative in the model (16). Hence, there will not be any spinor
derivative neither in the propagators nor in the vertices. It follows from the supergraph rules
that in an arbitrary n-loop contribution to the effective action, all delta functions δ(θi−θi+1)
coming from the propagator can be used to trivially evaluate the d2θi integrals coming from
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the vertices. As a result, the n-loop correction for the effective action will have the final
structure
Γ(n)[Φ] =
∑
n
∫
d3x1 . . . d
3xn
∫
d2θT (x1, . . ., xn)F1(Φ(x1, θ)) . . . Fn(Φ(xn, θ))δθθ′ |θ=θ′
⇒ Γ(n)[Φ] = 0 . (17)
Thus, from the result above and (4) we get
Γ[Φ] = SHR[Φ] . (18)
Therefore, the theory (16) is finite and does not have quantum corrections. This result
is already known in four dimensions [11]. However, we have explicitly demonstrated its
manifestation in three dimensions.
Our second example is f = ξ(−)m, and g = 0, where ξ is a parameter with a non-trivial
mass dimension [ξ] = [M ]−2m, ξ > 0, and m is a non-negative integer. Consequently, we
have
Γ(1)[Φ] =
∫
d5z
∫
d3k
(2pi)3
∞∑
n=1
1
2n
(−V ′′)n
[
1
ξ(k2)mD2
]n
δθθ′|θ=θ′
=
∫
d5z
∫
d3k
(2pi)3
∞∑
n=1
1
2n
[
V ′′
ξ(k2)m+1
]n
(D2)nδθθ′ |θ=θ′ . (19)
It can be shown that (D2)nδθθ′|θ=θ′ = 0, for n = 2l; (D2)nδθθ′ |θ=θ′ = (
√−k2)n−1, for n =
2l + 1; where l is an integer non-negative. Hence, we get
Γ(1)[Φ] =
∫
d5z
∫
d3k
(2pi)3
1
2
√−k2
∞∑
l=0
1
2l + 1
[
V ′′
√−k2
ξ(k2)m+1
]2l+1
=
1
2
∫
d5z
∫
d3k
(2pi)3
1
|k| arctan
[
V ′′|k|
ξ(k2)m+1
]
, (20)
where we have used the fact that
√−k2 = i|k| and the identity arctan(x) = 1
i
arctanh(ix).
The integral above was solved in [7]. Then we obtain
Γ(1)[Φ] =
∫
d5z
1
16pi
sec
(
pi
2m+ 1
)[
V ′′(Φ)
ξ
] 2
2m+1
. (21)
The complete one-loop KEP can be read off from (21). As a result, we trivially obtain
K(1)(Φ) =
1
16pi
sec
(
pi
2m+ 1
)[
V ′′(Φ)
ξ
] 2
2m+1
, (22)
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for Rˆ = ξ(−)mD2, m = 0, 1, 2, . . . . We notice that the one-loop correction for the KEP is
finite and its finitenes is independent of the form of the potential V (Φ), as well as the KEP
in the three-dimensional theory without higher derivatives [8]. Moreover, the result (22) is
highly generic. In particular, if m = 0 and ξ = 1, we get
K(1)(Φ) = − 1
16pi
[V ′′(Φ)]2 , (23)
This is the (Euclidean) one-loop KEP for the three-dimensional real scalar superfield theory
without higher derivatives. Our result is in agreement with the one obtained in [8].
Our last example will be f = ξf (−)l and g = ξg(−)2l+1, where l is a positive integer,
ξf and ξg are positive parameters with a non-trivial mass dimension [ξf ] = [M ]−2l and
[ξg] = [M ]
−2(2l+1), respectively. It follows that we can rewrite (13) as
Γ(1)[Φ] =
∫
d5z
∫
d3k
(2pi)3
∞∑
n=1
1
2n
(−V ′′)n
[
1
ξg(k2)2l+1 + ξf (k2)lD2
]n
δθθ′ |θ=θ′
=
∫
d5z
∫
d3k
(2pi)3
∞∑
n=1
1
2n
(−V ′′)n 1
(n− 1)!
∫ ∞
0
ds sn−1
× exp[−s(ξg(k2)2l+1 + ξf (k2)lD2)]δθθ′|θ=θ′ , (24)
where we have used the Schwinger-DeWitt representation [14]
1
Oˆn
=
1
(n− 1)!
∫ ∞
0
ds sn−1e−sOˆ . (25)
We can sum over n in order to rewrite (24) as
Γ(1)[Φ] =
∫
d5z
∫ ∞
0
ds
1
2s
(−2 + e−sV ′′)
∫
d3k
(2pi)3
e−sξg(k
2)2l+1
∞∑
m=0
(−sξf (k2)l)m
m!
× (D2)mδθθ′ |θ=θ′ , (26)
where we have expanded the exponential argument. We can eliminate terms which does not
depend on the background superfield by means of the normalization of the effective action.
Hence, we obtain
Γ(1)[Φ] =
∫
d5z
∫ ∞
0
ds
1
2s
e−sV
′′
∫
d3k
(2pi)3
e−sξg(k
2)2l+1 1√−k2
∞∑
n=0
(−sξf (k2)l
√−k2)2n+1
(2n+ 1)!
,(27)
where we use the previous result (D2)mδθθ′ |θ=θ′ = 0, for m = 2n; (D2)mδθθ′ |θ=θ′ =
(
√−k2)m−1, for m = 2n + 1; where n is an integer non-negative. Summing over n, we
get
Γ(1)[Φ] = −1
2
∫
d5z
∫ ∞
0
ds
1
s
e−sV
′′
∫
d3k
(2pi)3
1
|k|e
−sξg(k2)2l+1 sin
[
sξf (k
2)l|k|] . (28)
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The two integrals above can be solved by induction. As a result,
Γ(1)[Φ] =
∫
d5z − 1
8pi
sec
(
pi
2l + 1
)[
V ′′(Φ)
ξg
] 1
2l+1
arcsinh
{
2
2l + 1
sinh
[
ξf
2
√
ξgV ′′(Φ)
]}
.(29)
Again, the complete one-loop KEP can be read off from the Eq. (29). Therefore, we finally
obtain
K(1)(Φ) = − 1
8pi
sec
(
pi
2l + 1
)[
V ′′(Φ)
ξg
] 1
2l+1
arcsinh
{
2
2l + 1
sinh
[
ξf
2
√
ξgV ′′(Φ)
]}
, (30)
for Rˆ = ξg(−)2l+1 + ξf (−)lD2, l = 1, 2, 3, . . . . We notice that this result, as well as the
previous ones, is finite and does not need any renormalization independently of the form of
the potential V (Φ).
Let us move on to the calculation of the KEP for higher-derivative models involving the
complex scalar superfield. Since the general idea of the calculation is quite similar to the
one described above, we will not go through all details.
Similarly to (1), the three-dimensional complex superfield theory is described by the
action
SC =
∫
d5z
[
Φ¯D2Φ + V (Φ¯Φ)
]
. (31)
However, differently from (1), this theory has a global symmetry. The action (31) is invariant
under the following global transformation: Φ → eiKΦ. Therefore, in order to introduce
higher derivatives, we will demand that the higher-derivative terms do not explicitly break
the symmetry of the theory (31). Again, for simplicity, we also demand that the new action
does not contain interaction terms with higher derivatives. Consequently, we will consider
the theory described by the action:
SHC =
∫
d5z
[
Φ¯RˆΦ + V (Φ¯Φ)
]
, (32)
where Rˆ = g() + f()D2.
We can expand (32) around the background superfields Φ +
√
~φ, Φ¯ +
√
~φ¯, and keep
only the quadratic terms in quantum superfields. Hence, we get
S2[Φ, Φ¯;φ, φ¯] =
∫
d5z
[
φ¯(g() + f()D2)φ+ VΦΦ¯φφ¯+
1
2
VΦΦφ
2 +
1
2
VΦ¯Φ¯φ¯
2
]
, (33)
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where we have used a shorthand notation VΦ¯Φ =
∂2V (Φ¯,Φ)
∂Φ¯∂Φ
, VΦΦ = ∂
2V (Φ¯,Φ)
∂Φ2
, VΦ¯Φ¯ =
∂2V (Φ¯,Φ)
∂Φ¯2
.
It is convenient to rewrite the functional (33) in a matrix form, namely
S2[Φ, Φ¯;φ, φ¯] =
1
2
∫
d5z
[
φiPi
j(g() + f()D2)φj + φiMijφj
]
. (34)
where
φi =
 φ
φ¯
 , φi = ( φ φ¯ ) , Pij =
 0 1
1 0
 , Mij =
 VΦΦ VΦΦ¯
VΦΦ¯ VΦ¯Φ¯
 . (35)
It follows that the propagator is given by
〈φi(1)φj(2)〉 = − Pi
j
g(k2) + f(k2)D21
δ12 . (36)
The one-loop supergraphs will have the same pattern as the ones in the Fig. 1, except by
the fact that now each supergraph will be formed by n subgraphs like these ones depicted
at Fig. 3.
〈φk(1)φj(2)〉
Mi
k
FIG. 3: A matrix vertex in one-loop supergraphs.
Hence, the contribution of this subgraph is given by
(Q12)i
j = −(M1)ikPkj 1
g(k2) + f(k2)D21
δ12 = −(M˜1)i
j 1
g(k2) + f(k2)D21
δ12 , (37)
M˜ =
 VΦΦ¯ VΦΦ
VΦ¯Φ¯ VΦΦ¯
 . (38)
It follows from the result above that the contribution of a supergraph formed by n subgraphs
is given by
Jn =
∫
d3x
1
2n
∫
d2θ1d
2θ2 . . . d
2θn
∫
d3k
(2pi)3
Tr{(Q12)ij(Q23)jk . . . (Qn−1,n)lm(Qn,1)mp}
=
∫
d3x
1
2n
∫
d2θ1d
2θ2 . . . d
2θn
∫
d3k
(2pi)3
Tr
{[− (M˜1)ij 1
g(k2) + f(k2)D21
δ12
]
×
[
− (M˜2)j
k 1
g(k2) + f(k2)D22
δ23
]
. . .
[
− (M˜n)m
p 1
g(k2) + f(k2)D2n
δn,1
]}
, (39)
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After successive integration by parts and summing all supergraphs Jn, we get the effective
action
Γ(1)[Φ] =
∫
d5z
∫
d3k
(2pi)3
∞∑
n=1
1
2n
Tr[M˜n]
[ −1
g(k2) + f(k2)D2
]n
δθθ′ |θ=θ′ . (40)
The trace of the matrix M˜n can be calculated by means of the M˜ ’s eigenvalues, which are
λ1,2 = VΦ¯Φ ± (VΦΦVΦ¯Φ¯)1/2. Therefore, Tr[M˜n] = λn1 + λn2 . It follows that
Γ(1)[Φ] =
∫
d5z
∫
d3k
(2pi)3
∞∑
n=1
1
2n
(−λ1)n
[
1
g(k2) + f(k2)D2
]n
δθθ′|θ=θ′
+
∫
d5z
∫
d3k
(2pi)3
∞∑
n=1
1
2n
(−λ2)n
[
1
g(k2) + f(k2)D2
]n
δθθ′|θ=θ′ . (41)
We notice that the expression (41) is quite analogous to (13). Therefore, we will not need
to reproduce the calculations.
The one-loop KEPs for the three-dimensional higher-derivative complex superfield theory
are given by
K(1)(Φ) = 0 , (42)
for Rˆ = g(). Moreover, Γ[Φ] = SHC [Φ].
K(1)(Φ) =
1
16pi
sec
(
pi
2m+ 1
){[
VΦ¯Φ + (VΦΦVΦ¯Φ¯)
1/2
ξ
] 2
2m+1
+
[
VΦ¯Φ − (VΦΦVΦ¯Φ¯)1/2
ξ
] 2
2m+1
}
, (43)
for Rˆ = ξ(−)mD2, m = 0, 1, 2, . . . .
K(1)(Φ) = − 1
8pi
sec
(
pi
2l + 1
){[
VΦ¯Φ + (VΦΦVΦ¯Φ¯)
1/2
ξg
] 1
2l+1
× arcsinh
{
2
2l + 1
sinh
[
ξf
2
√
ξg(VΦ¯Φ + (VΦΦVΦ¯Φ¯)1/2)
]}
+
[
VΦ¯Φ − (VΦΦVΦ¯Φ¯)1/2
ξg
] 1
2l+1
× arcsinh
{
2
2l + 1
sinh
[
ξf
2
√
ξg(VΦ¯Φ − (VΦΦVΦ¯Φ¯)1/2)
]}}
, (44)
for Rˆ = ξg(−)2l+1 + ξf (−)lD2, l = 1, 2, 3, . . . .
It is worth noticing that our results are finite and does not need any renormalization
independently of the form of the potential V (Φ¯Φ). Moreover, if we take in (43) the particular
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values m = 0, ξ = 1, and V (Φ¯,Φ) = λ
2
(Φ¯Φ)2, we recover the (Euclidean) one-loop KEP for
the three-dimensional complex scalar superfield theory without higher derivatives, whose
result was originally obtained in [15] in the context of the gauge theory.
We succeeded in calculation of the one-loop effective potential for the three-dimensional
higher-derivative scalar superfield theories, both for real and complex superfields. The result
was found to be finite, first of all, due to the presence of higher derivatives (we note that
the higher-derivative supersymmetric theory in 3D is all-loop finite). At the same time, one
should note that we treat this theory as an effective one, without addressing the issue of
ghost states whose presence is characteristic for the higher-derivative theories [16]. We hope
to study the impact of ghosts in a forthcoming paper.
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